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AP® CALCULUS AB/CALCULUS BC

2017 SCORING GUIDELINES

Question 1

(a) Volume = I;OA(h) dh

~(2-0)-4(0)+(5-2)-A4(2)+ (10 -5)- A(5)
=2-503+3-144+5-6.5
=176.3 cubic feet

(b) The approximation in part (a) is an overestimate because a left Riemann
sum is used and A is decreasing.

10
(c) IO f(h) dh =101.325338

The volume is 101.325 cubic feet.

(d) Using the model, V(%) = j(f £(x) dx.

[dr.a]
pes  Ldh o dt Jy_s
_ .dh
- [f(h) dt L_s
= £(5)-0.26 = 1.694419

av
dt

When / = 5, the volume of water is changing at a rate of
1.694 cubic feet per minute.
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Do not write beyond this border.

z 3 5
h 5
(feet) 0 2 5 10
A(h)
(square feet) || 903 | 144 | 6.5 29

1. A tank has a height of 10 feet. The area of the horizontal cross section of the tank at height & feet is given by
the function A, where A(h) is measured in square feet. The function A is continuous and decreases as h
increases. Selected values for A(k) are given in the table above.

(a) Use a left Riemann sum with the three subintervals indicated by the data in the table to approximate the
volume of the tank. Indicate units of measure.

Ve [2(03)4 3 (4U)+5(es)]
5 %3

(b) Does the approximation in part (a) overestimate or underestimate the volume of the tank? Expiain your
reasoning. ) : =
The QPPM-, madion In DAFT o (S 6N orestimate becavse A is a

d,q,u’a.o\é\ rvj f\mdﬁom.
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Do not write beyond this border.

(c) The area, in square feet, of the horizontal cross section at height h feet is modeled by the function f given

by f(h) = 052#. Based on this model, find the volume of the tank. Indicate units of measure.
0

+h
V-l
~ 101,225 #°

(d) Water is pumped into the tank. When the height of the water is 5 feet, the height is increasing at the rate
of 0.26 foot per minute. Using the model from part (c), find the rate at which the volume of water is
changing withjrespect to time 'when the height of the water is 5 feet. Indicate units of measure.

brsfe L VR

%:0.%~ﬁ{m N so3 d)
%,f -’ W7 T de

- = S
e,‘*?'(’r’)i.-(S) ¢

S : 2163 H¥nin

authorized copying or reuse of -5- GO ON TO THE NEXT PAGE.

Un
lﬂly part of this page is lllegal.

© 2017 The College Board.
Visit the College Board on the Web: www.collegeboard.org.




i1 1 1 1 1 1 1 1 1 1
S,

Do not write beyond this border.

h
(feet) 0 2 5 10
Alh 2
, (squar(e )feet) 503 | 144 | 6.5 2.9

1. A tank has a height of 10 feet. The area of the horizontal cross section of the tank at height h feet is given by
the function A, where A(h) is measured in square feet. The function A is continuous and decreases as h
increases. Selected values for A(h) are given in the table above.

(a) Use a left Riemann sum with the three subintervals indicated by the data in the table to approximate the
volume of the tank. Indicate units of measure.

V = 6o (2) 40 A@] (AT M)
= (90 + (4D 60 )[763%

(b) Does the approximation in part (a) overestimate or underestimate the volume of the tank? Explain your

E The  volume 1S ove(esbmée:} berawe. the Pr(h) is
(Dnbn\now Ae(ﬂ?ﬂSVE 3y So dbber the \faue o Ah) af Ye ldd
RN dj' pocht Subin Yva A{h) I !uwer lw e W«sh» the

Swhintenal ( campored 1o ihf, et em)\ whch means dhe actiol
Volume shald e lower than B “(’_V"’mm“‘{“’”
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Do not write beyond this border.

(c) The area, in square feet, of the horizontal cross section at height & feet is modeled by the function f given

50.3
by f(h) = . 22 . Based on this model, find the volume of the tank Ind1cate umts of measure.

\J\\XW\C eq}m\s B J'OHM dh = & PP
( usc of | yagzhmj aleulabse)

0

~

(d) Water is pumped into the tank. When the height of the water is 5 feet, the height is increasing at the rate
of 0.26 foot per minute. Using the model from part (c), find the rate at which the volume of water is
changing with respect to time when the hﬁt of the water is 5.feet. Indicate units,of measure.

Vf fO-tollFE
ON (é 2~ <07 [02b) ’@g WEE/M)

e e’
e

Unauthorized copying or reuse of -5- GO ON TO THE NEXT PAGE-. .

any part of this page is illegal.

© 2017 The College Board.
Visit the College Board on the Web: www.collegeboard.org.

“I9D10Q STU1 DUOADA DIIM 10TT OT



Do not write beyond this border.

(fé‘eo o | 2| 5 | 10

A(h) | 7 @
(square feet) 50.3 14.\‘9 6.5 9

1. A tank has a height of 10 feet. The area of the horizontal cross section of the tank at height & feet is given by
the function A, where A() is measured in square feet. The function A is continuous and decreases as
increases. Selected values for A(h) are given in the table above.

(a) Use a left Riemann sum with the three subintervals indicated by the data in the table to approximate the
volume of the tank. Indicate units of measure.

2\ M+ 3 (6.5) re(d)
29.9 * \c\o‘g .5 = 6 EY

T vuns e ank 8 T §® ALK, e
ufrg 6 Wk K\M an . Tum | Thy Al A4 The
Bk 15\ BEE L

(b) Does the approximation in part (a) overestimate or und¥restimate the volume of the tank? Explain your

reasoning.
bocuge the Bunction A S drureafing over the mienvel .
e twoen < W&\ the LEAR W on undliyr —2Shma
of the w\.u. e in he ek ) .
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(c) The area, in square feet, of the horizontal cross section at height h feet is modeled by the function f given

by f(h) = —0—529h3—h Based on this model, find the volume of the tank. Indicate units of measure.
s, o

e Volwme of fre fank 15 fhe JHyah.

® 703 dh = ye LD
RO {ic?h#h 10}«%2,13 }t

(d) Water is pumped into the tank. When the height of the water is 5 feet, the height is increasing at the rate
of 0.26 foot per minute. Using the model from part (c), find the rate at which the volume of water is
changing with respect to time when the height of the water is 5 feet. Indicate units of measure.

=2
4B - i B ein
a

b - S(W)F 902 hen h=5 = (249

X e oh Al {JC Xmm;
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AP® CALCULUS AB/CALCULUS BC
2017 SCORING COMMENTARY

Question 1
Overview

In this problem students were presented with a tank that has a height of 10 feet. The area of the horizontal cross
section of the tank at height % feet is given by a continuous and decreasing function 4, where A(%) is measured
in square feet. Values of A(%) for heights # = 0, 2, 5, and 10 are supplied in a table. In part (a) students were

asked to approximate the volume of the tank using a left Riemann sum and indicate the units of measure. Students
needed to respond by incorporating data from the table in a left Riemann sum expression approximating

10
J-o A(h) dh using the subintervals [0, 2], [2, 5], and [5, 10]. [LO 3.2B/EK 3.2B2] In part (b) students needed to

explain that a left Riemann sum approximation for the definite integral of a continuous, decreasing function

50.3
2t 4 p
is presented as a model for the area, in square feet, of the horizontal cross section at height / feet. Students were
asked to find the volume of the tank using this model, again indicating units of measure. Using the model f for

overestimates the value of the integral. [LO 3.2B/EK 3.2B2] In part (c) the function f given by f(4) =

10
cross-sectional areas of the tank, students needed to express the volume of the tank as jo f(h) dh and use the

graphing calculator to produce a numeric value for this integral. [LO 3.4D/EK 3.4D2] In part (d) water is pumped
into the tank so that the water’s height is increasing at the rate of 0.26 foot per minute at the instant when the
height of the water is 5 feet. Students were asked to use the model from part (c) to find the rate at which the
volume of water is changing with respect to time when the height of the water is 5 feet, again indicating units of
measure. Students needed to realize that the volume of water in the tank, as a function of its height 4, is given by

h
V(h) = .[o f(x) dx and then use the Fundamental Theorem of Calculus to find that the rate of change of the

volume of water with respect to its height is given by V'(h) = f(h). Then, using the chain rule for derivatives,

students needed to relate the rates of change of volume with respect to time and height and the rate of change of
the water’s height with respect to time. Information in the problem suffices to be able to find these rates when the
water’s height is 5 feet. [LO 2.3C/EK 2.3C2, LO 3.3A/EK 3.3A2] This problem incorporates the following
Mathematical Practices for AP Calculus (MPACs): reasoning with definitions and theorems, connecting concepts,
implementing algebraic/computational processes, connecting multiple representations, building notational
fluency, and communicating.

Sample: 1A
Score: 9

The response earned all 9 points: the units point, 2 points in part (a), 1 point in part (b), 2 points in part (c), and

3 points in part (d). The units point was earned because the units of ft* in parts (a) and (c¢) and ft*/min in part (d)
are all correct. In part (a) the left Riemann sum point was earned by the numerical expression in the first line. This
expression would have also earned the approximation point without simplification. The student chooses to
simplify, does so correctly, and thus earned the approximation point. In part (b) the statement “overestimate
because A is a decreasing function” earned the point. In part (c) the definite integral earned the integral point, and
101.325 earned the answer point. In part (d) the second line on the right earned the 2 points for ‘2—2/ The third
line on the right would have earned the answer point without simplification. The student chooses to give a final
answer of 1.694 that is computed correctly and earned the answer point.

© 2017 The College Board.
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AP® CALCULUS AB/CALCULUS BC
2017 SCORING COMMENTARY

Question 1 (continued)

Sample: 1B
Score: 6

The response earned 6 points: the units point, 2 points in part (a), 1 point in part (b), 1 point in part (c¢), and

1 point in part (d). The units point was earned because the units of ft* in parts (a) and (¢) and ft*/minute in part (d)
are all correct. In part (a) the left Riemann sum point was earned by the symbolic expression in the first line. The
approximation point was earned by the second line. The numerical expression in the second line would have
earned the approximation point without simplification to 176.3. The student chooses to simplify, does so
correctly, and thus earned the approximation point. In part (b) the response of “overestimated” with the reason

that “ 4(h) is continuously decreasing” earned the point. In part (c) the expression I;O f(h) dh earned the
integral point. The answer of 101 did not earn the answer point because the result is not accurate to three places
after the decimal point. In part (d) the equation il_lt/ =[f(5)-f (0)]% earned 1 of the 2 CZ—I; points for using
the chain rule. The student has made an error in the application of the Fundamental Theorem of Calculus. The

numerical evaluation of the student’s expression for CZ—I; is not eligible to earn the answer point.

Sample: 1C
Score: 3

The response earned 3 points: no units point, no points in part (a), 1 point in part (b), 2 points in part (c), and no
points in part (d). The units of ft/min® in part (d) are incorrect, so the student did not earn the units point. Because
the student uses a right Riemann sum, no points were earned in part (a). The confusion of left with right has
implications in part (b). Because the setup in part (a) for a right Riemann sum is accurate, the student is eligible to
earn the point in part (b) if the response is consistent for a right Riemann sum. In part (b) the implication that 4 is
decreasing leads to an “under-estimate” is consistent with a right Riemann sum. Thus, the student earned the

10
point. In part (c) j % dh earned the integral point, and 101.325 earned the answer point. In part (d) no
0o e +

points were earned because the statement of c;—lt/ = f(h) is incorrect, and the remaining work only implies,

incorrectly, that ci,—rt/ = f(5) = 6.517. The answer point was not earned because the student’s expression for il_lt/

is not eligible to earn the answer point.

© 2017 The College Board.
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2017 SCORING GUIDELINES

Question 2

(a) joz £(¢) dt =20.051175

20.051 pounds of bananas are removed from the display table during
the first 2 hours the store is open.

(b) f'(7) =-8.120 (or —8.119)

After the store has been open 7 hours, the rate at which bananas are
being removed from the display table is decreasing by 8.120 (or 8.119)
pounds per hour per hour.

(©) g(5)— f(5)=-2.263103 < 0

Because g(5) — f(5) < 0, the number of pounds of bananas on the
display table is decreasing at time ¢ = 5.

8 8
(d) 50 + L g(t) dt - jo £(¢) dt = 23.347396

23.347 pounds of bananas are on the display table at time ¢ = 8.

© 2017 The College Board.
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Do not write beyond this border.
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2. When a certain grocery store opens, it has 50 pounds of bananas on a display table. Customers remove
bananas from the display table at a rate modeled by

3

f(6) =10+ (0.8t)sin[7%)—0-] for0 <t<12,

where f(f) is measured in pounds per hour and f is the number of hours after the store opened. After the
store has been open for three hours, store employees add bananas to the display table at a rate modeled by

g(f) =3 +24Mn (r2 4 2:) for3 <1< 12,

where g(f) is measured in pounds per hour and ¢ is the number of hours after the store opened.

(a) How many pounds of bananas are removed from the display table during the first 2 hours the store is
open?

(ecrat = 20. 051 \bS.

(o]

(b) Find f’(7). Using correct units, explain the meaning of f’(7) in the context of the problem.

£1(7)=- %, 11q 1bs.per howr ™

AL Bows $277, 4he vate al which customers vew ove

bos.hcx\r\gs_, o ‘}’\‘\fl d(‘;P\QU dolle 19

decreo\s;mj ot a4 votre of B 1A \bs.?ev hour per ooy

-
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a2 2 20 20 2 [0

(c) Is the number of pounds of bananas on the display table increasing or decreasing at time 1 =5 ? Give a
reason for your answer.
F(S)= 3,796
g (BY= w.832%

T\qe nwbc( OC' Pomo\S OG \‘_)O‘\’\O. - "‘—y‘e-
¥ . L X =
d;s\g\o.% dolble g decroasin < ot e 3 2y

becuose L8 5»(3(6).

(d) How many pm%nds of banangs are on the display table at time 7 = 8 ?

50 - JELHIGE SgLHdJ\- = 23,3471 lbs.
o 3 .

Do not write beyond this border.
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2. When a certain grocery store opens, it has 50 pounds of bananas on a display table. Customers remove
bananas from the display table at a rate modeled by

o 0‘;} (7P
O)f\b NW f(r)=10+ (0.8t)s1n[m] for 0 <t <12,
W

where f(t) is measured in pounds per hour and ¢ is the number of hours after the store opened. After the
store has been open for three hours, store employees add bananas to the display table at a rate modeled by

g() =3 +2.41n(12+ 2:) for3 <1< 12,

where g(r) is measured in pounds per hour and ¢ is the number of hours after the store opened.

(a) How many pounds of bananas are removed from the display table during the first 2 hours the store is

open?
2 'L?) > -2 .5%(02‘1_
Jlio + to-sersm (S5 B0
O

LonGras L

(b) Find f’(7). Using correct units, explain the meanmg of f’(7) in the context of the problem.

,,C(f\’) Q4 . ghs‘n ([0() ) *3 é‘\z (6O (C) 8t>J
L' =0+ {(,o (6\“(\705 (COS 100> (tooj

§(0=0- Bsi w)* 01" co s (0 )](o%)

£0)=-9-1
T WK ()Jf wYW“ e, Bnond e

Qe OGO

Vo

“JODIOQ S1U1 DUOA2Q 21IM 10U OT
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a

reason for your answer.
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(c¢) Is the number of pounds of bananas on the display table increasing or decreasing at time ¢ =57 Givea

ds ot \)(/W\O\HQS

remone & {x) is gueat™ M\acffd :r “U

(d) How many pounds of bananas are on the display table at time 1 = 8 ?

%
- .20 5y .
60"—5@() v+ (0.8 %) SN (’11:5—0 >}M+ §(3+;>.L4\
o | 2

Do not write beyond this border.
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2. When a certain grocery store opens, it has 50 pounds of bananas on a display table. Customers remove
bananas from the display table at a rate modeled by

3

f()=10+ (O.8r)sin[{6—0-] for0 <1< 12,

where f(f) is measured in pounids per hour and  is the number of hours after the store opened. After the
store has been open for three hours, store employees add bananas to the display table at a rate modeled by

g() =3+ 2.4ln(t2+ 2t) for3 <t<12,

where g(¢) is measured in pounds per hour and ¢ is the number of hours after the store opened.

(a) How many pounds of bananas are removed from the display table during the first 2 hours the store is
open? )

fo- .57 FE)dr

29.q Poonds

q GPRYORIMIEN - 50 pouNds OF aNanas -
afe femoved HOM s Aispiny raple (\\m\)}
Ay RIST 2 VOV

*19PIOQ SIY] PUOARQ 21LIM 10U O(T

(b) Find f’(7). Using correct units, explain the meaning of f’(7) in the context of the problem.
A )

d . -
1 () | x=m A
® ~Bia Founds o pow SRS
pypvec

OUE) B WY aelenon ke, ok wWhich  bon A0d Wun B
Hom e @isplay 1ok fzabred 10 PREE R el
P B e dovianne ok £ LB

-

Unauthorized copying or reuse of -6~ Continue question 2 on page Tk
any part of this page is illegal.

© 2017 The College Board.
Visit the College Board on the Web: www.collegeboard.org.



Do not write beyond this border.

(¢) Is the number of pounds of bananas on the display table increasing or decreasing at time 1 = 5 ? Give a
reason for your answer.

() Y0 Ahnerergre Hhe numbev of ?our)ds |
OF bananas on v ASplay 1S \NVERSIDY

At b= 9

A () L x-
w1 >o

(d) How many pounds of bananas are on the display table at time 7 = 8 ?

S*Ure) db

w 36. L
o\'p%voxnm’rfe\ \[, Hnere ave ‘6(0 ?OUW‘E

of on anas <ww—ﬂm: Adisplay Fable
Ot £=%

/

oo
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AP® CALCULUS AB
2017 SCORING COMMENTARY

Question 2
Overview

The context for this problem is the removal and restocking of bananas on a display table in a grocery store during
a 12-hour period. Initially, there are 50 pounds of bananas on the display table. The rate at which customers
remove bananas from the table is modeled by

3
f(6) =10+ (0.8z)sin(lf0—0j for 0 <z <12,

where f(¢) is measured in pounds per hour and ¢ is the number of hours after the store opened. Three hours after
the store opens, store employees add bananas to the display table at a rate modeled by

g(t) =3+24In(¢ +2t) for 3<1 <12,

where g(7) is measured in pounds per hour and ¢ is the number of hours after the store opened. In part (a)

students were asked how many pounds of bananas are removed from the display table during the first 2 hours the
store is open. Students needed to realize that the amount of bananas removed from the table during a time interval
is found by integrating the rate at which bananas are removed across the time interval. Thus, students needed to

2
express this amount as Io f(¢) dt and use the graphing calculator to produce a numeric value for this integral.

[LO 3.4E/EK 3.4E1] In part (b) students were asked to find f’(7) and, using correct units, explain the meaning
of f'(7) in the context of the problem. Students were expected to use the graphing calculator to evaluate the

derivative, and explain that the rate at which bananas are being removed from the display table 7 hours after the
store has been open is decreasing by 8.120 pounds per hour per hour. [LO 2.3A/EK 2.3A1, LO 2.3D/EK 2.3D1]
In part (c) students were asked to determine, with reason, whether the number of pounds of bananas on the display
table is increasing or decreasing at time ¢ = 5. This can be determined from the sign of the difference between the
rate at which bananas are added to the table and the rate at which they are removed from the table. Thus, students
needed to evaluate the difference g(5) — f(5) on the graphing calculator and report that the number of pounds of
bananas on the display table is decreasing because this value is negative. [LO 2.2A/EK 2.2A1] In part (d) students
were asked how many pounds of bananas are on the display table at time ¢ = 8. The number of pounds of bananas

8
added to the table by time ¢ = 8 is given by L g(t) dt, and the number of pounds of bananas removed from the
8
table by that time is given by .[0 f(¢) dt. Thus, using that there were initially 50 pounds of bananas on the table,

8 8
the expression 50 + L g(t) dt - .[o f(¢) dt gives the number of pounds of bananas on the table at time ¢ = 8.

Students needed to evaluate this expression using the numeric integration capability of the graphing calculator.
[LO 3.4E/EK 3.4E1] This problem incorporates the following Mathematical Practices for AP Calculus (MPACs):
reasoning with definitions and theorems, connecting concepts, implementing algebraic/computational processes,
building notational fluency, and communicating.

© 2017 The College Board.
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AP® CALCULUS AB
2017 SCORING COMMENTARY

Question 2 (continued)

Sample: 2A
Score: 9

The response earned all 9 points: 2 points in part (a), 2 points in part (b), 2 points in part (c), and 3 points in
2
part (d). In part (a) the student earned the first point for the definite integral J.O f(¢) dt and the second point for

computing the correct value. In part (b) the student earned the first point for correctly computing f'(7) = —8.119.
The student earned the second point by having the appropriate units, mentioning the time ¢ = 7, and correctly
describing the meaning in context as “the rate at which customers remove bananas from the display table.” In
part (c) the student earned the first point for the expressions f(5) and g(5) on the left-hand side of the equations

in the first two lines. The student earned the second point for reaching the correct conclusion of “decreasing” by
comparing these two correct values. In part (d) the student earned both integral points: 1 point for each of the

8 8
definite integrals Io f(t)dt and L g(t) dt. The student earned the third point for computing the correct value.

Sample: 2B
Score: 6

The response earned 6 points: 1 point in part (a), 1 point in part (b), 1 point in part (¢), and 3 points in part (d). In

2 3
part (a) the student earned the first point for the definite integral J (10 + (0.8¢)sin (lt()_OD dt on the left-hand
0

side of the equation. The student did not earn the second point because the value produced is incorrect. In part (b)
the student earned the first point in the fourth line for f'(7) = —8.11954. The student did not earn the second

point because units are not included, and no mention is made of the time ¢ = 7 in the explanation. In part (c) the
student earned the first point for the expressions f(5) and g(5) on the left-hand side of the equations in the first
two lines. The student reports each of these values to only two decimal places, which is acceptable because this is
intermediate work. However, the value for f(5) is incorrect, so the student is not eligible for the second point. In
part (d) the student earned both integral points: 1 point for each of the definite integrals in the first line. The
student earned the third point for the expression 50 — 85.6167 + 58.9641. The student chooses to simplify and
does so correctly because the boxed answer is accurate to at least three decimal places.

Sample: 2C
Score: 3

The response earned 3 points: 1 point in part (a), 1 point in part (b), no points in part (¢), and 1 point in part (d). In
part (a) the student earned the first point for the definite integral in the first line. The student did not earn the
second point because the value produced is incorrect. In part (b), although the student has changed the variable to
x, the student is not penalized for this and earned the first point in the second line with the value —8.12. This is
accurate to three decimal places because the thousandths digit is 0. The student did not earn the second point
because the student does not mention the time ¢ = 7 in the explanation, and the generic term “acceleration” does
not capture the context of the problem. In part (c) the student did not earn the first point because only f'(5) is

considered. The student is not eligible for the second point. In part (d) the student earned 1 of the 2 integrals
points for the definite integral in the first line. The student does not have a definite integral involving g(¢), so the
student is not eligible for the third point.

© 2017 The College Board.
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Question 3

(@) S(-6)= (-2 + [ /() de =7 [ [(x)ds=7—4=3

F&)= f()+ [ f(x)de=T-27+3=10-2z

(b) f'(x) > 0 on the intervals [—6, —2) and (2, 5).

Therefore, f is increasing on the intervals [-6, —2] and [2, 5].

(c) The absolute minimum will occur at a critical point where f'(x) =0
or at an endpoint.

fl(x)=0 = x=-2,x=2

x f(x)
-6 3
-2 7

2 7-2r
5 10 - 27

The absolute minimum value is f(2) = 7 — 27.

(@ f'(=5)= —62—;(92) = —%

hm M — 2 and hm f,(x) - f,(3) — _1
x—3" x—3 x—3" x-3

f"(3) does not exist because

lim M + lim Sf'(x) - f'(3)'

x—3" X = x—3% x-3

© 2017 The College Board.

3:

2

1 : uses initial condition
1 £(-6)
1: f(5)

: answer with justification

5. 1 : considers x = 2

2:

" | 1 : answer with justification

L f(-5)
1: f"(3) does not exist,

with explanation
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3A\ o]

Graph of f’

3. The function f is differentiable on the closed interval [—6, 5] and satisfies f (=2) = 7. The graph of f’, the
derivative of f, consists of a semicircle and three line segments, as shownfm the figure above.

(a) Find the values of f(—6) and f(5).

peey 45 0 by f>

B (el ~— 3

£y = £+ 5 Fior)d
sz w0-2r

(b) On what ihtervals is f increasing? Justify your answer.

2 Aormsmj o >( ((9 :}
v @e 5) S\ ine 7(/ 0
fee w\«%?wa\\ e Cla)ulrs)
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i (d) For each of f”(—5) and f”(3), find the value or explain why it does not exist.

J;“(%} ,—’DN’@: as i
N, ?0@ -2’ £ i %(3 2

e | \"'}}3+ )(’53" 3
TFQ(Q%(Q \Jr (S (ﬂﬂpaiﬂﬁe fo
bl o i‘m&%v{ Gt (=3

ino

C L ..
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Graph of f”

3. The function fis differentiable on the closed interval [—6, 5] and satisfies f (—=2) = 7. The graph.of /7, the
.dcrivative of f; consists-of a semicircle ‘and threé line segments, as shown in the figure.above.

(a) Fmd the values of f(~%6) and f(S)

F-4)= #6-2 ge{(x
f-8)=3- 432 -]

Frsy= F(-ny+ (580 dx

Brey o o 3x2 Liteen® o] =)
frs) = 34 222 -omx2 —’lé—-zn) |

“I9PI0Q, ST PUOASQ 2ILIM 10U OCT

(b) On what intervals is fincreasing? Justify your answer,

Since on intenvols of (6.2) and [2 >) £x) >0
then F ¥) 1$ w\c,re.asmj on interrals [-6,2] and [2,5]

Bmuthorized copying or reuse of | - -14- Confinue question 3 on page 15.
any part of this page is illegal,
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(€) Find'the absolute minimum value of f on the closed interval [—6, 5] Jusufy your answer.

2Iy) has its abslute minimum: on € (ther tuo w,m,ms;%;mgm
a('(arv{ihj h the yf:af-émv f(— 2) ’,70{2): 0 |

X | CLordma o Fhe Table, Pfy//’mcﬁa ;
T 3 its aééo/u/z‘e_ 101 AR V@/ft 727,
RN ¥=Z

T F-2T

.‘5 } [D-2T

Do not write beyond this border.

(d) For each of f”(~5) and f”(3), find the value or explain why it does not exist.

f(-5)- ;(0-{’707“/")(:»3’ *’ZE -2

2

Since ﬁ:m (/W%ﬁfrm F'lx)
A3 X7 )
-/'Acn fx) /S not //ﬁfrenfmé/e af’?’/} N

{'Amz@re L £'3) pfoes net exist -

3%z
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Y
L
y
!
(~6,2) [ 62
14
+ Qy : X
Graph of f’

3. The function f is differentiable on the closed interval [—6, 5] and satisfies f(—2) = 7. The graph of f”, the
derivative of f, consists of a semicircle and three line segments, as shown in the figure above.

(a) Find the values of f(—6) and f(5).
- 2 b
f(-€)=5x(2) =75
Hs) = o

(b) On what intervals is f increasing? Justify your answer.
F?UW( [—6, —2] Qyw( EQ' SJ ; .JE K9 |hOl’P<‘-tS‘l'v bC(Ou{LC 'HLC jz&(}?/\
mE F'o)is 70 fom (-6.-2) and (2,5)

|
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any part of this page is Illegal. 14 Continue question 3 on page 15

© 2017 The College Board.
Visit the College Board on the Web: www.collegeboard.org.

“IANINA ST DUOAIA 2ILIM 10U OrT



NO CALCULATOR ALLOWED

(¢) Find the absolute minimum value of f on the closed interval [—6, 5]. Justify your answer.
\ 13
—NA@ a{)yo{(/.{C e kg i value 0'}!' o af ¥ =2

AL ( /1 ,b ”f)/ (‘Aﬁm €S fie —p,-\ 1-;&’[‘}{
beoaouc e jf/«_f c”{ ) j»t Lo¥h 4@:

do fwu'r{n{. ot % =2 .

Do not write beyond this border.

(d) For each of f(—5) and f”(3), find the value or explain why it does not exist.
$UG) 5 on i fec fion P\fmé becawpe F' inareasec on I 2,
ancl decroges on [2,4] _‘
PUs) pher udk exisl beconse te (/MfA of ' Aot
L-é.-é] has o J/»V)& S{—S—? _
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AP® CALCULUS AB/CALCULUS BC
2017 SCORING COMMENTARY

Question 3
Overview

In this problem students were given that a function f is differentiable on the interval [—6, 5] and satisfies

f(-2) =7. For =6 < x < 5, the derivative of f is specified by a graph consisting of a semicircle and three line
segments. In part (a) students were asked to find values of f(—6) and f(5). For each of these values, students
needed to recognize that the net change in £, starting from the given value f(-2) = 7, can be computed using a
definite integral of f”(x) with a lower limit of integration —2 and an upper limit the desired argument of f. These
integrals can be computed using properties of the definite integral and the geometric connection to areas between
the graph of y = f'(x) and the x-axis. Thus, students needed to add the initial condition f(-2) = 7 to the values

of the definite integrals for the desired values. [LO 3.2C/EK 3.2C1] In part (b) students were asked for the
intervals on which f is increasing, with justification. Since f” is given on the interval [—6, 5], f is differentiable,

and thus also continuous, on that interval. Therefore, f is increasing on closed intervals for which f’(x) > 0 on
the interior. Students needed to use the given graph of f” to see that f’(x) > 0 on the intervals [-6, —2) and
(2,5), so fis increasing on the intervals [-6, —2] and [2, 5], connecting their answers to the sign of f".

[LO 2.2A/EK 2.2A1-2.2A2, LO 2.2B/EK 2.2B1] In part (c) students were asked for the absolute minimum value
of f on the closed interval [—6, 5], and to justify their answers. Students needed to use the graph of " to identify

critical points of f on the interior of the interval as x = —2 and x = 2. Then they can compute f(-2) and f(2),

similarly to the computations in part (a), and compare these to the values of f at the endpoints that were computed
in part (a). Students needed to report the smallest of these values, f(2) = 7 — 27 as the answer. Alternatively,

students could have observed that the minimum value must occur either at a point interior to the interval at which
f' transitions from negative to positive, at a left endpoint for which " is positive immediately to the right, or at

a right endpoint for which /" is negative immediately to the left. This reduces the options to f(—6) = 3 and
f(2)=7-2x. [LO 2.2A/EK 2.2A1-2.2A2,LO 2.2B/EK 2.2B1, LO 3.3A/EK 3.3A3] In part (d) students were
asked to determine values of f"(—5) and f"(3), or to explain why the requested value does not exist. Students
needed to find the value f"'(—5) as the slope of the line segment on the graph of f* through the point
corresponding to x = —5. The point on the graph of /" corresponding to x = 3 is the juncture of a line segment
of slope 2 on the left with one of slope —1 on the right. Thus, students needed to report that f”'(3) does not exist,
and explain why the given graph of f’ shows that f” is not differentiable at x = 3. Student explanations could

be done by noting that the left-hand and right-hand limits at x = 3 of the difference quotient % have

differing values (2 and —1, respectively), or by a clear description of the relevant features of the graph of f” near

x = 3. [LO 1.1A(b)/EK 1.1A3] This problem incorporates the following Mathematical Practices for AP Calculus
(MPAC:s): reasoning with definitions and theorems, connecting concepts, implementing algebraic/computational
processes, connecting multiple representations, building notational fluency, and communicating.

Sample: 3A
Score: 9

The response earned all 9 points: 3 points in part (a), 2 points in part (b), 2 points in part (c), and 2 points in
-6
part (d). In part (a) the student uses the initial condition f(—2) with an appropriate definite integral j , Sf'(x) dx

to find f(—6) = 3. Thus, the student earned the first and second points. The student uses f(-2) again with an

© 2017 The College Board.
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Question 3 (continued)

5
appropriate definite integral le Sf'(x) dx to find f(5) =10 - 2z. The student earned the third point. In part (b)

the student states two correct and complete intervals, [-6, —2] and [2, 5], where f is increasing. The student
justifies the intervals with a discussion of f” > 0 for [-6, —2) and (2, 5). The student earned both points. In
part (c) the student considers x = —6, —2, 2, and 5 as potential locations for the absolute minimum value. The

student earned the first point for considering x = 2. The student identifies the absolute minimum value as
7 — 27. The student justifies by evaluating f'(x) at the critical values and endpoints. The student earned the

second point. In part (d) the student finds f"(-5) = —% and earned the first point. The student states that f"(3)

does not exist. The student uses two one-sided limits at x = 3 to explain why the derivative of f’(x) does not
exist and earned the second point.

Sample: 3B
Score: 6

The response earned 6 points: 3 points in part (a), no points in part (b), 2 points in part (c), and 1 point in part (d).
-2

In part (a) the student uses the initial condition f(—2) with an appropriate definite integral I ] f'(x) dx to find

f(—=6) = 3. Thus, the student earned the first and second points. The student uses f(-2) again with an

5
appropriate definite integral le f'(x) dx to find f(5) =10 — 2z. The student earned the third point. In part (b)

the student presents two intervals, [-6, 2) and (2, 5). Because f”(x) < 0 on (-2, 2), f is decreasing on

[-2, 2]. The student is not eligible to earn any points because of the presence of an interval containing points
where f’'(x) < 0. Thus, the student did not earn any points. In part (¢) the student investigates where f”(x) =0
and identifies f'(-2) and f”(2). The student earned the first point for considering x = 2. The student identifies
the absolute minimum value as 7 — 27. The student justifies by evaluating f'(x) at the critical values and
endpoints. The student earned the second point. In part (d) the student identifies f"'(—5) as the derivative of

f'(x) at x = =5 and finds f"(-5) = _%

not exist. The student uses two one-sided limits at x = 3. The student states that “ f(x) is not differentiable at
x = 3,” which contradicts the given statement in the problem that f is differentiable on the closed interval
[-6, 5]. The student did not earn the second point.

. The student earned the first point. The student states that f"'(3) does

Sample: 3C
Score: 3

The response earned 3 points: no points in part (a), 2 points in part (b), 1 point in part (c), and no points in

part (d). In part (a) the student never uses the initial condition, incorrectly evaluates f(—6) as %, and incorrectly
evaluates f(5) as 0. The student earned no points. In part (b) the student states two correct and complete
intervals, [—6, —2] and [2, 5], on which f is increasing. The student justifies the intervals with “ f"(x) is > 0
from [-6, —2) and (2, 5).” The student earned both points. In part (c) the student considers x = 2 and earned

the first point. The student presents an incorrect answer for the absolute minimum value with an incorrect
justification. The student does not evaluate f(x) at the critical values and endpoints in order to determine the

© 2017 The College Board.
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Question 3 (continued)

absolute minimum value. The student did not earn the second point. In part (d) the student incorrectly determines

that f”(-5) has a value of % and did not earn the first point. The student states that “ /(3) is an inflection

point” and does not state that f”'(3) does not exist. The student did not earn the second point.

© 2017 The College Board.
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Question 4

(a)

(b)

(©)

H'(0) = —%(91 ~27)=-16
H(0) =91

An equation for the tangent line is y = 91 —16¢.

The internal temperature of the potato at time ¢ = 3 minutes is
approximately 91 —16-3 = 43 degrees Celsius.

d’H _ _1dH _(_1\ 1)y _opy = Loy
a2 4 dt _( 4)( 4)(H 27)_16(H 27)

2
H>27 fort>0 = dlz—lzi(H—27)>0fort>O
dt 16

Therefore, the graph of H is concave up for ¢ > 0. Thus, the
answer in part (a) is an underestimate.

dG
(G -27)*/3

dG
J(G—27)2/3 =Jena
3(G-27)"3 ==+ C
391-27)* =0+C = C=12
3(G-27)* =121+

12 —¢
3

= —dt

3
G(t)=27+( ) for0<z<10
The internal temperature of the potato at time ¢ = 3 minutes is

12 -3
3

3
27 + ( ) = 54 degrees Celsius.

© 2017 The College Board.

1 : slope
3: 4 1:tangent line
1 : approximation

1 : underestimate with reason

1 : separation of variables

1 : antiderivatives

1 : constant of integration and
uses initial condition

1 : equation involving G and ¢

1:G(t) and G(3)

Note: max 2/5 [1-1-0-0-0] if no constant
of integration

Note: 0/5 if no separation of variables
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4. Attime ¢ = 0, a boiled potato is taken from a pot on a stove and left to cool in a kitchen. The internal
temperature of the potato is 91 degrees Celsius (°C) at time ¢ = 0, and the internal temperature of the potato

is greater than 27°C for all times # > 0. The internal temperature of the potato at time ¢ minutes can be

d 1
modeled by the function H that satisfies the differential equation d_il =— Z(H — 27), where H(t) is

o ¥

measured in degrees Celsius an(i: H(0) = 91.
T~
(a) Write an equation for the line tangent to the graph of H at t = 0. Use this equation {0 approximate the
internal temperature of the potato at time ¢ = 3. ? Ay Il

b 1
M) = i (=) + 1 . ) +4) _(j‘ffg

o -4Y¢ 1l W "t—z

b)) =i £“'+q |

g
|

2
d°H : ; ; . .
(b) Use 7— to determine whether your answer in part (a) is an underestimate or an overestimate of the
t

internal temperature of the potato at time 7 = 3.

%= a (v 7V b 7O

_‘ﬂ: —l(dﬂ) Eﬁ: \S a\\mg)s pos{H‘r{’ )
ot [ At

-\ (h) w prile
&t - L 23) [ ondeCeshindt.

—————

~

l
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(¢) For t < 10, an alternate model for the internal temperature of the potato at time ¢ minutes is the function
dG
G that satisfies the differential equation = (G- 27)2/ 3 where G(t) is measured in degrees Celsius
s ™~ / '
and G(0) = QﬁFind an expression for Gﬁ))Sased on this model, what is the internal temperature of the

potato at time t = 3 ?

300
%D? :—‘((s-zﬂ”” 6(3) - (%*% 119
f’ a0 <(-lolf | - < 3)"_ N3

) (™ |
J (Ga)™ d6= ~F1C = FAF

3 ()" FEG | M

-K ( Cfr'?,'l\\é v ‘32 365

sl p D
C;——Z."Z = (»—;2/4—(1 ,
6= (£ Hea
‘ 0\3( @)0\\)
a= (9 )+

) )
q\ = \(I R;‘( an
¢4 .-vi((f%f.ﬁ Ol

= |

/ (> (/J;) = (‘%: ;‘-L\?Q:f\ll
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Do not write beyond this border.

4, Attime r = 0, a boiled potato is taken from a pot on a stove and left to cool in a kitchen. The internal

temperature of the potato is 91 degrees Celsius (°C) at time ¢ = 0, and the internal temperature of the potato

is greater than 27°C for all times 7 > 0. The internal temperature of the potato at time ¢ minutes can be

dH
modeled by the function H that satisfies the differential equation —

e —%(H — 27), where H(t) is

!

measured in degrees Celsius and H(0) = 91.

(a) Write an equation for the line tangeni to the graph of H at ¢t = 0. Use this equation to approximate the
q ; q pp .
internal temperature of the potato at time ¢ = 3. 0 yOYima "“ b al

s . Bp .
4»”1\4’_(.5“ ) Hane T=13°
dH - |
i - (bH) vy =le(3) ”(

dHv. .1 _-qy%—%
T 7~

9= -1bd A
Vd:,“,.uqﬁ

—— PEES e

feon f’.chr\ + line’

2
(b) Use 7-2— to determine whether your answer in part (a) is an underestimate or an overestimate of the
f

internal temperature of the potato at time 7 = 3,

: f—'-(H-zw) un

Unauthorized copying o reuse °f| ‘ -16- Continue question 4 on page 17.

any part of this page is lllegal.
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Do not write beyond this border.

(¢) Fort< 10, an alternate model for the internal temperature of the potato at time  minutes is the function
G that satisfies the differential equation %C:— =—(G - 27)2/ 3, where G(t) is measured in degrees Celsius
and G(0) = 91. Find an expression for G(¢). Based on this model, what is the internal temperature of the

potato attime ¢ = 3 ?

_ {
2 -((,-_?.7)4'/3

d&6 = | d+F
S 6,(‘5)"L_.._ 34—17

= \/‘5 " +- X C'
-— 17 < s
3o ) 603) —‘-(S')g*c?.‘?

3¢a1-21) % - O 0

% {éb[)\”’ _ 6’63) [ZS‘"I'7—7
| . &= 52
'S(‘Lf?)v;c 290 av Fimt
\
2 (L Lp=0T) ’5 = 4+t R //
7 FEVS
& -2 )__N_M;% ) 1
G‘C_*') (-‘—Hl *zﬂ
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4. Attime f = 0, a boiled potato is taken from a pot on a stove and left to cool in a kitchen. The internal
temperature of the potato is 91 degrees Celsius (°C) at time ¢ = 0, and the internal temperature of the potato

is greater than 27°C for all times ¢ > 0. The interal temperature of the potato at time # minutes can be

dH
modeled by -the function H that satisfies the differential equatio: i Z(H — 27), where H(t) is

measured in degrees Celsius and H(0) = 91.

(a) Write-an equation for the line tangent to the graph of H at ¢ = 0. Use this equation to approximate the
internal temperature of the potato at time t = 3.

QL_‘:’": ~_‘(CHKL’15 H-‘c\l:--lﬁs("\'-y
H

ot H=—tut <

’/"”L LYy )~

' ‘”‘( ) e =1l 3+ 1
HE —eypral
(H gzoC |

2
d“H . . . ; .
(b) Use ——d 5 to determine whether your answer in part (a) is an underestimate or an overestimate of the
1 .

internal temperature of the potato at time/t,=_,3..,....." S mmmiemr e m—— St e e

é.H- q H4+ 20 /,’ ’W\\S TS e wndevestivmed

-— d+ pA

N
12
\\\/ At 4 QYQ both olecveas :r'\j
| Ot R iy et s ofJ -16- , - Continue question 4 on page 17.
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) ij t < 10, an alternate model for the internal temperature of the potato at time 7 minutes is the function
N dG . ~

that satisfies the differential equation i (G- 27)2/ 3 where G(t) is measured in degrees Celsius
and G(0) = 91. Find an expression for G(t). Based on this model, what is the internal temperature of the

potato at time ¢ = 3 ?

,Eé“ﬁ’ < - Cér?f‘\b}?
i Onl

“IAnIOa STn D

Ak - CCﬂ”L'ﬁfgd’J‘- ; 4-?\0
ot oV AN
3 AS Ga=2] ~ FTu
Grl) = 5(%”7) s ) 3
e =l
C’?U’\t'futﬁ A P -
+ ¥ £
< = LR { 5
<’.' C ) "_...3_. ( C’l g ?/"7) . /
S K‘] Ay ///
, > T gl
=2 (ai-21)
5
2 ()
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Question 4
Overview

The context for this problem is the internal temperature of a boiled potato that is left to cool in a kitchen. Initially
at time ¢ = 0, the potato’s internal temperature is 91 degrees Celsius, and it is given that the internal temperature
of the potato exceeds 27 degrees Celsius for all times ¢ > 0. The internal temperature of the potato at time ¢

minutes is modeled by the function H that satisfies the differential equation C‘:{—I;I = —%(H —27), where H(¢) is

measured in degrees Celsius and H(0) = 91. In part (a) students were asked for an equation of the line tangent to
the graph of H at ¢t = 0, and to use this equation to approximate the internal temperature of the potato at time
t = 3. Using the initial value and the differential equation, students needed to find the slope of the tangent line to

be H'(0) = —%(91 —27) = —-16 and report the equation of the tangent line to be y = 91 —16¢. Students needed

to find the approximate temperature of the potato at t =3 to be 91 —16-3 = 43 degrees Celsius. [LO 2.3B/EK

2

2.3B2] In part (b) students were asked to use d 51

to determine whether the approximation in part (a) is an

dt
underestimate or overestimate for the potato’s internal temperature at time ¢ = 3. Students needed to use the
2
given differential equation to calculate dd—gl = —%dd—il = %(H —27). Then using the given information that the
t

2
temperature always exceeds 27 degrees Celsius, students needed to conclude that dd ]2{
t
the graph of H is concave up, and the line tangent to the graph of H at ¢t = 0 lies below the graph of H (except
at the point of tangency), so the approximation found in part (a) is an underestimate. [LO 2.1D/EK 2.1D1, LO
2.2A/EK 2.2A1] In part (c) an alternate model, G, is proposed for the internal temperature of the potato at times

> 0 for all times ¢. Thus,

t <10. G(¢) is measured in degrees Celsius and satisfies the differential equation % =—(G- 27)2/ > with

G(0) = 91. Students were asked to find an expression for G(¢) and to find the internal temperature of the potato

at time ¢ = 3 based on this model. Students needed to employ the method of separation of variables, using the

initial condition G(0) = 91 to resolve the constant of integration, and arrive at the particular solution

12 —¢
3

G(3) = 54 degrees Celsius for the potato at time ¢ = 3. [LO 3.5A/EK 3.5A2] This problem incorporates the

following Mathematical Practices for AP Calculus (MPACs): reasoning with definitions and theorems, connecting
concepts, implementing algebraic/computational processes, building notational fluency, and communicating.

3
G(t) =27+ ( ) . Students should then have reported that the model gives an internal temperature of

Sample: 4A
Score: 9

The response earned all 9 points: 3 points in part (a), 1 point in part (b), and 5 points in part (c). In part (a) the
student earned the first point for the slope with —%(91 —27). The second point was earned for the tangent line
A(t) =—16(¢ — 0) + 91. Note that the student names the tangent line A(¢) and is not penalized. The third point

was earned for the approximation 43. Either of the numerical expressions —16(3) + 91 or —48 + 91 would have

earned the third point. The student chooses to simplify and does so correctly. In part (b) the student has the correct
answer of “underestimate” and supports the answer with correct reasoning. The student has the correct second
derivative in line 2 on the left and states that the second derivative is always positive in line 2 on the right. The
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Question 4 (continued)

student earned the point. In part (c) the student earned the first point for separation in line 2. The antiderivatives
are correct in line 4 and earned the second point. The third point was earned for the constant of integration and use
of the initial condition in lines 8 and 9. The fourth point was earned in line 12 for an equation involving G and ¢
and a correct numerical value for C. As an aside, the fourth point could have been earned with an implicit

3
equation such as (G — 27)1/3 = 123—_t The fifth point was earned for G(¢) =(—% + 4) + 27 in line 12 along

with 54 in line 4 on the right. Any of the three numerical expressions in lines 1, 2, and 3 on the right together with

3
correctly.

3
G(1) =(—£ + 4) + 27 in line 12 would have earned the fifth point. The student chooses to simplify and does so

Sample: 4B
Score: 6

The response earned 6 points: 3 points in part (a), no point in part (b), and 3 points in part (c). In part (a) the
student earned the first point for the slope with —%(91 —27). The second point was earned for the tangent line

y — 91 =—16¢. The third point was earned for the approximation 43. Either of the numerical expressions

—16(3) + 91 or —48 + 91 would have earned the third point. The student chooses to simplify and does so

correctly. In part (b) the student’s answer of “underestimate” is correct, but the reason is based on an incorrect
second derivative in line 3 on the left. The student did not earn the point. In part (c) the student earned the first
point for separation in line 1. In line 2 the student drops a negative sign, so the second point for correct

antiderivatives was not earned. Line 2 should have been: -3(G — 27)1/ 3 =t + C. The student’s equation

involving antiderivatives is eligible for the remaining 3 points. In line 3 the third point was earned for the constant
of integration and use of the initial condition. In line 7 the fourth point was earned for an equation involving G
and ¢ together with the consistent numerical value for C. The fifth point was not earned because, although the
answer is consistent with the work, the student’s value of G(3) is out of the context of the problem because

152 > 91.

Sample: 4C
Score: 3

The response earned 3 points: 3 points in part (a), no point in part (b), and no points in part (c). In part (a) the
student earned the first point for the slope with —%(91 —27) inline 1 on the left. The second point was earned

for the tangent line H — 91 =—16(¢). Note that the student uses H in place of y in the tangent line and is not
penalized. The third point was earned for the approximation 43. Either of the numerical expressions —16(3) + 91
or —48 + 91 would have earned the third point. In part (b) the student’s answer of “underestimate” is correct, but

the reason is based on an incorrect second derivative of —%. The student did not earn the point. In part (c) there is

no separation of variables, and thus, no points were earned.
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Question 5

' 2t -2 2(t-1)
a) xp(t) = =
@) xp (1) 2-2+10 2 -2+10

> —2t+10 >0 forall ¢ .

xp(t)=0 = t=1
xp(t) <0 for 0 <t <1.

Therefore, the particle is moving to the left for 0 <7 < 1.

(®) vo(1) = (1 =5)(t = }
vo(t)=0 = t=3,t=5

-0 + VP(f)
0 1 8 ¢
0 3 5 8 t

Both particles move in the same direction for 1 < ¢ < 3 and
5 <t < 8 since vp(t) = xp(t) and vy(¢) have the same sign

on these intervals.

() ag(t)=v'gt) =2t -8
ap(2)=2-2-8=-4

At time ¢ = 2, the speed of the particle is decreasing because
velocity and acceleration have opposite signs.

(d) Particle Q first changes direction at time ¢ = 3.

x0(3) = 7(0) + [ vo(t) dr = 5.+ [ (¢ ~ 81 +15) di
t=3

=5+[%t3—4t2+15t} = 54(9 36+ 45) = 23
t=0

© 2017 The College Board.
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g

Note:

Note:

1:xp(2)
1 : interval

1 : intervals
1 : analysis using vp(¢) and vy(t)

1/2 if only one interval with
analysis

0/2 if no analysis

1:ap(2)
1 : speed decreasing with reason

1 : antiderivative
1 : uses initial condition
1 : answer
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5. Two particles move along the x-axis. For 0 < 7 < 8, the position of particle P at time f is given by
xp(1) = ln(t2 — 21+ 10), while the velocity of particle Q at time 7 is given by vy(f) = 2. —BF 415,

Particle Q is at position x = 5 at time 7 = 0.

(a) For 0 <t < 8, when is particle P moving to the left?

V(‘:)f: neg .

V?(t): xPé )2 —— (1t40)

%~ 'L”’w
-

1&-1L {
Le1z0 et £ T

farhicke T3 MV'\’\j b othe lebd o 08E<H,

(b) For 0 << 8, find all times t during which the two particles travel in the sa;ne direction.

tL-fe+ (-0
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(c) Find the acceleration of particle Q at time 1 = 2. Is the speed of particle Q increasing, decreasing, or
neither at time f = 2 ? Explain your reasoning.

ﬁ@ CH:’, [U: ‘Z
n»e nyca{ (;15 po\rHc’t q f\f d{cmaﬂ‘q becowt Fhe

parkicle hag a pesifive velehy but negative
actelembor  when €= L.

(d) Find the position of particle Q the first time it changes direction.

@{7:3( b le & R tkkgcf directipn
R (0= JEAEHE) db = %&— Gt HpEHe
60 (=8 % (B £yt Hse 45
Oz 5 4 Hs O 4z 4= 3645t I
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5. Two particles move along the x-axis. For 0 <1< 8, the position of particle P at time ¢t is given by
xp(t) = ln(tz - 2t+ 10), while the velocity of particle Q at time 7 is given by vp(t) = 12 — 8t+ 15.

Particle O is at position x = 5 at time # = 0.

(a) For 0 < t < 8, when is particle P moving to the left?

| £
T

sy
L2610
}5,250
;[—5’090
47|
.22 - e
\{7(0-0’ 0ol-02™0 " n@b"

\/7(‘5):‘;82"~"POSH&V6 . b theletC
" e el 0] PP

(b) For 0 <t < 8, find all times ¢ during which the two particles travel in the same direction.
Valcadd
£25,%
- Yo (DA~ 1 .Pa.s_'éw’“
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Ya (97 16-24057P
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(c) Find the acceleration of particle Q at time t = 2. Is the @,. particle Q increasing, decreasing, or
neither at time t = 2 ? Explain your reasoning.

Aalh= 2¢-8
Ao (9= -4

i B W“"*P’“W’“ Qatt2 s da:;w'@
e e aaeess att=) 13 naamc/

(d) Find the position of particle Q the first time itmchanges direction.

vy Ovvvn mava Lomn AavTaa soaae

1\'/&[9: O
L2850
969
¢=5,3
e 42345t PG
12 crdt= X @l
-
5
(6 1o rad->
g- 3045 2 kR
[€45=23
xQ(323
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5. Two particles move along the x-axis. For 0 < 7 < 8, the position of particle P at time f is given by
s L-t\
xp(t) =In (12 —2t+ 10), while the velocity of particle O at time ¢ is given by vy(f) = 1> — 8t +15.

Particle Q is at position x = 5 at time = 0.

(a) For 0 <1 < 8, when is particle P moving to the left?

\ . 26-L <
\I?Lt\ "mo(bb‘l) {_\n(,tx’Ltr\.OS‘}‘o I— t"—LtH.c:]b

s (DD 2o
TS o2 o
fn 1o

k-1

6= <o—

L - LAMO
gr-p o w2

P -uE = U

(b) For 0 < < 8, find all times ¢ during which the two particles travel in the same direction.
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(c) Find the acceleration of particle Q at time f = 2. Is the speed of particle Q increasing, decreasing, or
neither at time 7 = 2 ? Explain your reasoning.

al¥) = 26 -% the sped of the perhicle 1S decreasing
“L)'\llh—\’g becavee Yot acleratien iy Maf\'h\/'t

al2) 2 -y Anmd P veleciby s posihive @ €=2

V(,).)': 12—'5[_’2.) +5
ylz)yzH -1t ti5

£l

(d) Find the position of particle Q the first time it changes direction.
-1t =h
0={ -4 +15
(¢-5Mt-3)-=0

k=% ,£=3

la’r {75 ?
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Question 5
Overview

In this problem, two particles, P and Q, are moving along the x-axis. For 0 < ¢ < 8, the position of particle P is
given by xp(t) = 1n(l2 -2t + 10), while particle O has position 5 at ¢ = 0 and velocity vy(t) = > =8t +15. In
part (a) students were asked for those times ¢, 0 < ¢ < 8, when particle P’s motion is to the left. Using the chain

rule, students needed to find an expression for the velocity of particle P at time ¢ by differentiating the position
xp(t). By analyzing the sign of this derivative to determine those times ¢ with x}(#) < 0, students should have

concluded that particle P is moving left for 0 < ¢ < 1. [LO 2.1C/EK 2.1C2-2.1C4, LO 2.3C/EK 2.3C1] In
part (b) students were asked for all times ¢, 0 < ¢ < 8, during which both particles travel in the same direction.

Using the velocity of particle P, vp(¢) = xp(¢), found in part (a), and the given velocity vy (¢) for particle O,
students needed to find those subintervals of 0 < 7 <8 on which both v(¢) and v, (#) have the same sign.
Students should have responded that for 1 < # <3 and for 5 < ¢ < 8, noting that both v(¢) and v, (¢) are

positive on these intervals, both particles travel in the same direction (to the right). There is no time when both
velocities are negative. [LO 2.3C/EK 2.3C1] In part (¢) students were asked for the acceleration of particle QO at
time ¢ = 2, and to determine, with explanation, whether particle Q’s speed is increasing, decreasing, or neither at

time ¢ = 2. Students needed to differentiate vQ(t) to find that the acceleration of particle Q is given by
ag(t) = vp(t) = 2t — 8, and report that particle Q’s acceleration at time # = 2 is ay(2) = —4. Students should

have explained that particle O’s speed is decreasing at time ¢ = 2 because the velocity and acceleration of
particle O have opposite signs at that time. [LO 2.1C/EK 2.1C2, LO 2.3C/EK 2.3C1] In part (d) students were
asked to find the position of particle Q the first time it changes direction. Using the analysis of the sign of v, (7)

done in part (b), students should have concluded that the first change of direction of particle O’s motion occurs at
time ¢ = 3. The net change in position of particle Q across the time interval [0, 3] is given by Jj VQ(t) dt.
Students needed to evaluate this integral using the Fundamental Theorem of Calculus and use the initial position
of particle Q to find that particle Q’s position at time ¢ =3 is 5 + Jj vQ(t) dt = 23. [LO 3.3B(b)/EK 3.3B2, LO

3.4C/EK 3.4C1] This problem incorporates the following Mathematical Practices for AP Calculus (MPACs):
reasoning with definitions and theorems, connecting concepts, implementing algebraic/computational processes,
building notational fluency, and communicating.

Sample: A
Score: 9

The response earned all 9 points: 2 points in part (a), 2 points in part (b), 2 points in part (c), and 3 points in
part (d). In part (a) the student earned the first point with a correct derivative expression

xp(t) = ﬁ - (2t — 2). The student earned the second point in the last sentence when the student writes
=2t +

“Particle P is moving to the left on 0 < ¢ < 1.” In part (b) the student earned the first point by identifying that
“Particles P and Q are moving in the same direction when 1 < ¢ < 3 and 5 < ¢ < 8” with some analysis. The
student earned the second point by identifying all of the following connections between the sign of the velocity

and its associated interval: vp(¢) > 0 for (1, 8], vp(¢) < 0 for [0,1), vy(#) <0 for (3,5), and vy (¢) > 0 for
[0, 3) and (5, 8]. This information is included on labeled sign charts. In part (c) ap(2) = 2(2) — 8 in the second
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Question 5 (continued)

line would earn the first point without simplification. The student chooses to simplify, does so correctly, and
carned the first point. The student earned the second point with a correct conclusion that speed is decreasing and

the reasoning using the sign of the acceleration and the sign of the velocity at ¢ = 2. In part (d) the student earned
3

the antiderivative point in the second line with the expression % — 41% +15¢ + C. The student earned the initial

3 3
condition point with x,(t) = % — 442 +15¢ + 5 in the third line. % —4(3)? +15(3) +50r 9—36+45+5

would have earned the answer point without simplification. The student chooses to simplify and does so correctly,
so the student earned the answer point.

Sample: 5B
Score: 6

The response earned 6 points: 2 points in part (a), no points in part (b), 1 point in part (c), and 3 points in part (d).
In part (a) the student earned the first point in the first line with a correct derivative expression

1
ve(f) -2+
moving to the left.” In part (b) the student’s interval is incorrect, so the first point was not earned. Without correct
intervals, the student is not eligible for the second point. In part (c) the student earned the first point with
AQ(Z) = —4 in the second line. Although the student wrote that the speed of particle Q is decreasing, the

0 (2¢ — 2). The student earned the second point by “In the interval 0 < ¢ < 1 particle P

student’s reason is incorrect because the student does not use both the sign of the acceleration and the sign of the
velocity of particle Q at ¢ = 2. The student did not earn the second point. In part (d) the student earned the initial

3
condition point with the equation jo (t2 — 8t +15) dt = xy(3) — x(0). The student carned the antiderivative

3

point in the next line with the expression (% — 4% + ISIJ. The numeric expression 18 + 5 would have earned

the answer point without simplification. The student chooses to simplify and does so correctly, so the student
carned the answer point.

Sample: bC
Score: 3

The response earned 3 points: 1 point in part (a), no points in part (b), 2 points in part (¢), and no points in
part (d). In part (a) the student earned the first point in the first line with a correct derivative expression

vp(t) = ﬁ(% — 2). The student identifies no interval on which particle P is moving left. The student
=2t +

did not earn the second point. In part (b) the student did not earn the first point because the student does not
include any intervals. Without correct intervals, the student is not eligible for the second point. In part (¢)

a(2) = 2(2) — 8 would have earned the first point without simplification. The student chooses to simplify and
does so correctly, so the student earned the first point. The student earned the second point by identifying that the
speed of particle Q is decreasing and reasoning using the sign of the acceleration and the sign of the velocity at

t = 2. In part (d) the student does not find the antiderivative, use the initial condition, or include an answer. Thus,
the student earned no points.
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Question 6
(a) f'(x) = —2sin(2x) + cos x &~ 2: f(x)
f'(x) = —2sin(27) + cos 7 &7 = —1
() ()= K1) /() 2 {14
k()
kK(z) = W(f(x))- /" (x) = K(2)-(-1)
s
(c) m'(x) =-2g"(2x)-h(x)+ g(-2x)-h'(x) 3. { 2:m'(x)
L 1m(2)

m'(2) = -2g'(-4)-h(2) + g(-4)- 1'(2)
_ —2(—1)(—%) ; 5(—%) -3

(d) g is differentiable. = g is continuous on the interval [-5, —3]. L: g(-3) - g(-5)
g(-3)-g(-5) _2-10 _ , S e R )

-3-(-5) 2 "] 1:justification,
using Mean Value Theorem

Therefore, by the Mean Value Theorem, there is at least one value c,
-5 < ¢ < -3, such that g'(c¢) = —4.
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6. Let f be the function defined by f(x) = cos(2x) + ¢*"*,

Do not write beyond this border.

Let g be a differentiable function. The table above gives values of g and its derivative g’ at selected values
of x.

Let h be the function whose graph, consisting of five line segments, is shown in the figure above.

(a) Find the slope of the line tangent to the graph of f at x = 7.

. > :_“.‘,0) ( (';G)
)= 25 (2x) + & C_ﬁ”) —‘-—Jt—**
S ™ :
X’(TV‘):'-ZS/;\A('I.'H)-*? (co=™)
e o + 10
= —
~ . SA T
(b) Let k be the function defined by k(x) = h(f(x)). Find k’(x). g PERYFE
o - ’ " = I
Aixy = A o) (f ) !
Poay: b C{m) 100
FAR 0
= 7,2
Umsfceises boping o tem ofJ -20- Continue question 6 on page 21.
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(c) Let m be the function defined by m(x) = g(—2x) « h(x). Find m’(2).
Am() = Ei)’(—:w\ €57 R +(,£\’.,/;7.) . %C-Zﬂ]

Y= Ba CWf(2)) 4 [JZ%\' : ca(- 4)]
= (’2-"1/%7 -+ ( =Yqe ‘5)

Y -=
- T3
P
32
- -3
(d) Is there a number c in the closed interval [—5, —3] such that g’(c) = —4 ? Justify your answer.
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s | e | g0

s | 10 | -3

-4 5 | -1

-3 2 4 1

= > X
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-1 1 -2

0 0 | -3

Graph of &

6. Let f be the function defined by f(x) = cos(2x) + %,

Let g be a differentiable function. The table above gives values of g and its derivative g’ at selected values
of x.

Lot A be the function whose graph, consisting of five line segments, is shown in the figure above.
(a) Find the slope of the line tangent to the graph of fatx = 7.
)= e (@) r ™
L) = -2 nin {20+ (com) ¢
L) = =25 (2M) +(Loom) T
110 = =200) # (-
Py =0+ -10) =

Mnk

(b) Let k be the function defined by k(x) = h(f(x)). Find k'(z).

k()= (36 ) s (@) ¢ M
K00 = W' (£0) $60 Shr) = 140" =1+1=2
d@=nfm) 40
K ()= ()0
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(¢) Let m be the function defined by m(x) = g(—2x) - h(x). Find m’(2).

m (x) = %( 2%) - h (%)
m ') =20 (—Zx\ h() + 1 n'(eyq-2x)
m(D=-29'(- L\) hiz) + h(Z) o(—H\

m 2)s ‘Z[“l] ~3 -*'( > 5
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(d) Is there a number c in the closed intervél [—5, —3] such that g’(c) = —4 7 Jﬁstify your answer.
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6. Let f be the function defined by f(x) = cos(2x) + ™.

Let g be a differentiable function. The table above gives values of g and its derivative g’ at selected values
of x.

Let k be the function whose graph, consisting of five line segments, is shown in the figure above.

(a) Find the slope of the line tangent to the graph of f at x = 7.

ink
D ’(x\ z-2S ) e® (031X

£ ‘(\_\) = -lsin(zﬂ + e s (T
y =9

wchﬂ D

(b) Let k be the function defined by k(x) = k(f(x)). Find k’(z).
KO = higon 4790

C ) < h (ﬂv\lf ”_\
/ =
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(c) Let m be the function defined by m(x) = g(—2x) * Ii(x). Find m’(2).
2 "X
V‘y\l()\‘):— ﬂ‘{—Lﬂ(’1> ! L\ \
'
' (1) 2 ?)f(—‘—l) -1 lﬁ (=23
m'(‘z); (L} -"1) ¢ - |
wm Y= 27 -
a2y = ~ b
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(d) Is there a number c in the closed interval [—5, —3] such that g’(¢) = —4 ? Justify your answer.
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AP® CALCULUS AB
2017 SCORING COMMENTARY

Question 6

Overview

This problem deals with multiple functions. Function f is defined by f(x) = cos(2x) + ¢"*. Function g is
differentiable and values of g(x) and g'(x) corresponding to integer values of x from x = -5 to x =0,
inclusive, are given in a table. Function / is defined on [-5, 5] and the graph of /4, comprised of five line
segments, is given. In part (a) students were asked for the slope of the line tangent to the graph of f at x = 7.
Using the sum and chain rules for differentiation and the derivatives of trigonometric and exponential functions to
differentiate f(x), students needed to evaluate f'(7) to find the slope of the tangent line. [LO 2.1C/EK 2.1C2-
2.1C4, LO 2.3B/EK 2.3B1] In part (b) the function k is defined by k(x) = h(f(x)), and students were asked to
find k'(7). Students needed to apply the chain rule and determine the value of #'(2) from the graph of % to
arrive at the value for £'(7). [LO 2.1C/EK 2.1C4, LO 2.2A/EK 2.2A2] In part (c) the function m is defined by
m(x) = g(—2x) - h(x), and students were asked to find m'(2). Students needed to apply the product and chain
rules for differentiation, find values for g(—4) and g'(—4) in the table for g, and use the graph of /4 to determine
h(2) and #4'(2), to find m'(2) = -2g'(—4)-h(2) + g(-4)-#'(2) = 3. [LO 2.1C/EK 2.1C3-2.1C4, LO 2.2A/EK
2.2A2, LO 2.3B/EK 2.3B1] In part (d) students were asked to determine whether there is a number ¢ in the
interval [-5, —3] such that g'(c¢) = —4, and to justify their answers. Using the table for g, students should have

g(=3) - g(=5) _
3-(-9)

continuous on [—5, —3] and, thus, recognize that the hypotheses for the Mean Value Theorem are satisfied, and

answered in the affirmative that a number ¢ exists in the interval [-5, —3] such that g’(c¢) = —4. [LO 1.2B/EK

1.2B1, LO 2.4A/EK 2.4A1] This problem incorporates the following Mathematical Practices for AP Calculus
(MPAC:s): reasoning with definitions and theorems, connecting concepts, implementing algebraic/computational
processes, connecting multiple representations, building notational fluency, and communicating.

confirmed that —4. Given that g is differentiable, students should have concluded that g is

Sample: 6A
Score: 9

The response earned all 9 points: 2 points in part (a), 2 points in part (b), 3 points in part (c), and 2 points in

part (d). In part (a) the student presents a correct expression for f’(x) in line 1 and earned the points for f”(7)

in line 4. The expression in line 2 would have also earned the points for f’(7z) without simplification. The

student chooses to simplify and does so correctly. Both points were earned. In part (b) the student earned the point

for £'(x) inline 1 and earned the point for £'(z) in line 4. In part (c) the student earned both points for m'(x) in

line 1. The student would have earned the point for m'(2) in line 3. The student chooses to simplify and does so

correctly, so the student earned the point. In part (d) the student earned the point for the difference quotient with

g(-3) - g(=5)
-34+5

the statement . The student confirms the conditions for the Mean Value Theorem in the first line,

goes on to connect the difference quotient with the value —4, and draws the appropriate conclusion for the Mean
Value Theorem. The student earned the justification point.
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AP® CALCULUS AB
2017 SCORING COMMENTARY

Question 6 (continued)

Sample: 6B
Score: 6

The response earned 6 points: 2 points in part (a), 2 points in part (b), 2 points in part (c¢), and no points in part (d).
In part (a) the student presents a correct expression for f’(x) in line 2 and earned the points for f'(7) in line 5.
The expression in line 3 would have also earned the points for f”(7) without simplification. The student chooses
to simplify and does so correctly. Both points were earned. In part (b) the student earned the point for £'(x) in
line 2 on the left and earned the point for £'(7) in the last line on the left, after correctly evaluating and using
h'(2). In part (c) the student earned both points for m'(x) in line 2. The student is at first eligible to earn the
point for m'(2) in line 4, but the student makes errors in evaluating /(2) and 4'(2). The student did not earn the

third point. In part (d) the student does not present a difference quotient and never engages with the Mean Value
Theorem. As a result, the student did not earn any points.

Sample: 6C
Score: 3

The response earned 3 points: 2 points in part (a), 1 point in part (b), no points in part (c), and no points in

part (d). In part (a) the student presents a correct expression for f'(x) in line 1 and earned the points for f”(7)

in line 4. The expression in line 2 would have also earned the points for f'(7) without simplification. The
student chooses to simplify and does so correctly. Both points were earned. In part (b) the student earned the point
for £'(x) inline 1. The student substitutes 7z for x in line 2 but does not evaluate the expression. The student did
not earn the point for k(). In part (c) the student does not present an expression that uses the product rule.

Thus, the student is not eligible to earn any points. In part (d) the student does not present a difference quotient, so
that point was not earned. Because the student’s conclusion is incorrect, the student is not eligible for the
justification point.
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